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[ Abstract 

The imperfect Boson gas supplemented with a gentle repulsive 
interaction, is completely solved. In particular it is proved that it 
- has non-extensive Bose-Einstein condensation, i.e. there is condensa- 
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I Introduction 



The search for microscopic models of interacting Bosons showing Bose- 
Einstein condensation is an ever challenging problem. It is known that the 
phenomenon only appears for space dimensions (i > 3 A general two- 
body interacting Bose system in a finite centered cubic box A C W^, with 
volume V = L'^, is given by a Hamiltonian 



where 



\k 
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fcGA* -^"^ 

= 7^ v{q)al^gal,_gak'ak 

The a'^{x) are the Boson operators satisfying the commutation rules 

[a{x),a*{y)] = 6{x - y) 
[a{x),a{y)] = 0, 



and 



27r 

A* = {k:k = —n,ne U^}. 



L 

We limit ourself to periodic boundary conditions. 

Rigorous results on the existence of Bose-Einstein condensation are known 
for very special potentials v in (|I|), in particular, of course for = 0, the 
free Bose gas, and for v in the 5-function limit or in the Van der Waals 
limit [Q. Another class of models which are treatable is this for which the 
Hamiltonian is a function of the number operators = alcik only. These 
models are called the diagonal models @]. The Hamiltonian is a function 
of a set of mutually commuting operators with a spectrum consisting of the 
integers. The operators can be considered as random variables taking values 
in the integers. The equilibrium states are looked for among the measures 
minimizing the free energy. This method, developed in a series of papers 
[^, and references therein], opened the possibility to derive rigorous results 
for sofar unsolved interacting Bose gas models. The method is a powerful 
apphcation of the large deviation principle for quantum systems. 
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In this paper we derive some rigorous results for another diagonal model, 
inspired by 0, where the pressure is computed. We are not using the large 
deviation technique of [Q, but the full quantum mechanical technology, in 
particular correlation inequalities, in order to prove the existence of Bose- 
Einstein condensation. In section ||, we first rederive the result of [^, and 
give a concise, rigorous and direct proof of the pressure formula. Some ar- 
guments of Pi are translated into our situation. Our main contribution is in 
section PTI] , where we proof the occurence of Bose- Einstein condensation, and 
where we study in detail the type of condensation. 

There exist different types of condensation. The best known is macroscopic 
occupation of the ground state, but there is also so-called generalized conden- 
sation, when the number of particles distributed over a set of arbitrary small 
energies above the lowest energy level becomes macroscopic, proportional to 
the volume. This notion has been put into a rigorous and workable form in 

i- 

As far as our results are concerned, this notion of generalized condensation is 
crucial. We prove that in our model generalized condensation occurs without 
macroscopic occupation of the ground state. As far as we know, this is the 
first model of an interacting Bose gas for which this type of condensation is 
found. The only existing result is for the free Bose gas, considering a special 
thermodynamic limit, not of the type of increasing, absorbing cubes 

The result of section |I| also allows, using the technique of [|10|, to give 



an explicit form of the equilibrium states in the thermodynamic limit. One 
verifies that they are of the same type as the equilibrium state of the imperfect 
Bose gas. 



II The model 

In 1^ Schroder considers a Bose gas contained in a dimensional {d > 3) 
cubic box with Dirichlet boundary conditions on two opposite faces and peri- 
odic boundary conditions on the remaining surface. This can be interpreted 
as the model of a Bose gas enclosed between two hard walls at macroscopic 
distance. An interaction term is introduced which behaves locally like the 
mean field interaction. This gives rise to the following Hamiltonian: 

H^= T.^'^n,,^ + ^\nI + It.nIA, (2) 
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where 

A = {xeM'^:-^<Xi<^,i = l,...,d-l;0<Xd<L};V = L'^ 

L L 

Nk,A = a*(/fc,A)a(/fc,A) 
/ 2 \ 

fk,A = iyj exp [i{kixi H h kd-iXd-i)] sm{kdXd) 

A G M+ 

{fcGA*:A:d=f j} 

fceA* 



Schroder shows that the grand-canonical pressure of this so-called local mean 
field model coincides with the grand-canonical pressure of the usual mean 
field model, or imperfect Bose gas, with Hamiltonian 



feeA* 

which is a soluble model. 



Hr = E e^^fc,A + ^Nl (3) 



From this result, Schroder concludes that his model exhibits a phase tran- 
sition with the same critical behavior as the imperfect Bose gas, although 
macroscopic occupation of the ground state may not occur, and opens the 
question whether generalized condensation, as defined in ^ , does take place. 

We study a model of an interacting Bose gas which is inspired by Schroder's 
model, but which contains a non-trivial part of the self-interaction terms 
appearing in the general two-body repulsive interaction (p. More precisely, 
we consider a system of identical bosons in a centered cubic box A G M"^, 
d > 3, with volume V = L"^, with periodic boundary conditions for the wave 
functions, and described by the Hamiltonian 

i^A = E ^kN,,^ + ^ f ^1 + ^ E ^'.A I ' (4) 
fceA* ''^ \ fcGA* / 



where now 



A* = —Z'' 
L 
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«fc,A«fc,A 


"fe,A — 


^= / dx e^^ ''a*(x 




A G 


R+ 


iVA = 


fceA* 



Our model can also be compared to the Huang- Yang-Luttinger model, rig- 



orously studied in |jTT|. Compared to our model, here the interaction terms 
A appear with a minus sign and are therefore attractive perturbations of 
the imperfect Bose gas. The attractive character enhances (see 0) the con- 
densation in the zero mode. The repulsive character of these terms in our 
model should make condensation in the zero mode more difficult. Heuristi- 
cally one might expect that such a model is a candidate for non-extensive 
Bose-Einstein condensation. 

First we give a new proof, inspired by a proof in f^, of the main result of 
Schroder, i.e. the equality of the grand-canonical pressure of this model and 
the grand-canonical pressure of the imperfect Bose gas. From this we can 
immediately prove that there is no macroscopic occupation of any single- 
particle state. 

For every /i in M, denote 

HM = E efc^fc,A + ^ 1 ^1 + ^ E ^',A I - /^^A, (5) 

fceA* ''^ \ ^ feGA* / 

and 

Hrif^) = E e^^'^-A + ^Nl - fiN^. (6) 

k£A* ^ 

For a < 0, let 

C = {te C^R'^) : inf (cfe -tk-a)> 0}, 



with C^(]R'^) the space of continuous bounded functions on M'^. For t E 
let 

" = E (ffc - 4 - a)Nk,A. 
fceA* 

First, we prove 
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Lemma 1 

2_intr e-^^'^(^) > -^Intr e'^^A^" - ia;l+"(//A(/i) - //f"), (7) 

c^r (^) = ^^^-iFT^- 

tr e'^-^A 

Proof. The function x G [0,1] i— > Intr e'""'"^'^, for C en D self-adjoint is 
convex. Hence, define the convex function / on [0, 1] by 

f{x) = Intr e-^^^^^^^^^+^^-^^^A^"). 

For all a, h in [0, 1], /(a) — f{h) — (a — h) f'(h) > 0, in particular 

/(l)>/(0) + /'(0), 

which immediately yields the stated inequality. 



□ 



We can now prove a first result. 

Theorem 1 The grand- canonical pressure at chemical potential n, 

p{fi) = lim pA(/i) = lim -^Intr e~^^^^^\ 
exists for every ^ inM. and is given by 

M = = inf {p{a) + , 

with p'^^ ^ (fi) the grand- canonical pressure of the imperfect Bose gas at chem- 
ical potential /i and p{a) the free- gas grand- canonical pressure at chemical 
potential a. 

(The expression for p^^{i^) is computed in 0.) 

Proof. Since for every ^ eM., H/y{fi) > H^^^{fi), we have 

PA(/^)<i>r(^), 
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and hence 

limsuppA(yu) < lim p^^{^i) =p^^{fi). 



V^oo 



To prove the lower bound, we make use of Lemma |T]. For a < and t E 0°", 
let 

1 

pik; t, a) = —r, — 7 ^ -. 

Then 

^i+°(iVfc,A) = p{k-t,a) 

^A"°(A^fc,A) = p{kt,a){2p{k-t,a) + l). 
We calculate the r.h.s. of (|^). The first term gives 

-^Intr e-^^A-"" = -^7 E In f 1 - e^^^^-*^"")) . 

To calculate ^J^''{H^{p)), we write 

A SA 

HM = E (^fc - /^)^fc,A + ^ E E N.^^N,,^^ + ^ E ^',A' 

hence 

fceA* 

+^ E E p(^;i^>")p(^';^)«) + 

where 

3A 

'^v = ^ P(^! ^' ")(2p(/^; a) + !)• 

Also, 

= 1 ^ (e, - 4 - t, a). 

^ ^ feeA* 



Substituting all this in (0) we get 

PM > E 1^(1 



Q-P(<^k-ik-a) 



+"f7 E (P - - oi)p{k] t, a) 

-T^ E E p(^; a)p(^'; t,a)-^. 



Since p{k]t,a) and cy, for V large enough, are bounded, 



For a < the free-gas pressure is given by 

p(a) = -p-' I In (l - e-^(^^-") 

and 

p'{a) 



dk 



Also, let pc = p'{0) as usual. 

First, consider the case /i < 2Apc- Taking a < and t = in (H) we get 

liminf pa(a*) > + (yU — a)p'(Q!) — A(p'(a))^. 
For < 2Apc, since is increasing and p'{0) = pc, the equation 

^(") = ^ 

has a unique solution a* < 0. Taking a = a* in @ we get 
liminfpA(//) > + ^ 

"<o 4A J 

which proves the theorem for p < 2Apc- 

Consider now the case p > 2Apc- Take a = and an appropriate t in 

dk 



liminfpA(/i) > -P'' f — — Tln(l-e-^(^^-*^)) 

dk 



+ 
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with ^ 

For all 5 > 0, take ts G C° such that 

tsik) = 0, |A;| > 5. 

Then 



Letting 6^0, the second term in the r.h.s. converges to pc- Take ts such 
that the first term in the r.h.s. converges to ^ — pc as 5 — > 0. Such a 
sequence of t^'s can be constructed rigorously by using the Approximation 
theorem proved in \T2\. It certainly means that — >^ as 5 — >■ 0. Hence we 
get 

f dk a 

as (5 — i> 0, and thus 

liminfpA(^) > p(0) + — 

> ,„f L(„) + 

so that the theorem is proved for /x > 2Apc as well. 



□ 



From Theorem ^ we can immediately derive that there is no macroscopic 
occupation of any single-particle state, in particular: 

Theorem 2 For every e > and for V large enough, we have for every 
k e A*: ^ 

where ijJa is the finite-volume Gibbs state of H/y{fi). 
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Proof. We have 



Hence, 



By Theorem ^ we get: 



1 , / £A V w2 \ 

hm — — InwA Z^fceA* ^^^.a = q. 
y^oo fJV \ J 

From the Jensen inequahty, i.e. for F a convex function and uj a normal state 



we get 



or 



Hence 



2 

fe,A 



y^oo 1/2 

fceA 



Since for each k E A* 



we get the Theorem. 



□ 



III Bose-Einstein condensation 

In it is stressed that Bose condensation does not necessarily manifest it- 
self through a macroscopic occupation of a single-particle state (the ground 
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state usually), but that there are in fact two good candidates for the concept 
of macroscopic occupation of the zero-kinetic energy state. Macroscopic oc- 
cupation of the ground state is said to occur when the number of particles 
in the ground state becomes proportional to the volume; generalized con- 
densation is said to occur when the number of particles whose energy levels 
lie in an arbitrary small band above zero becomes proportional to the vol- 
ume. Obviously, the first implies the second. However, the second can occur 
without the first; this is called non-extensive condensation. The concept of 
generalized condensation was first introduced in [|T^] . 

More precisely, we have: 



(i) macroscopic occupation of the ground state if the limit 

lim :^u;a(A^o,a) 

exists and is strictly positive, 

(ii) generalized condensation if the limit 

d—^OV^co V ~^ „ 
{fcGA*:efc<5} 

exists and is strictly positive, 

(iii) non-extensive condensation if the limit 

lim :^a;A(A^o,A) = 0, 

but nevertheless the limit 

lim lim ^ ^A(A^fc,A) 

{keA*:ek<S} 

exists and is strictly positive. 



Examples of these different occurences of Bose condensation in the free Bose 
gas, depending on how the bulk limit is taken, can be found in 0, ^ 0. 

As is proved in Theorem |^, there is no macroscopic occupation of the ground 
state in our system. However, as we will show, there is generalized condensa- 
tion. In other words, we have a model for an interacting Bose gas displaying 
non-extensive condensation. 
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Our approach is based on |T^, where the imperfect Bose gas is treated. 
The system is given by the local Hamiltonian H^i with periodic boundary 
conditions 

Hk=Y: e,N,,A + ^!nI + Ij2 NIa] - /^aA^a, (H) 
fceA* \ ^ fceA* / 

as specified before, and /ia is determined by the constant density p > 
equation: 

— a;A(A^A) = p. 

We study the equilibrium state of this system in the grand-canonical ensem- 
ble. The key technique is the equivalence of the equilibrium condition or 
Gibbs state ua with the correlation inequalities n, |15[ 



PujA iX*[HA, X]) > uja{X*X) In ""^i^*^! , (12) 

for all local observables X belonging to the domain of [Ha, ■]■ In particular, 
we take for X polynomials in the creation and annihilation operators. We 
prove the occurence of non-extensive condensation in this model, and follow 
closely the method used in [|T0|] . 

Lemma 2 Wk,j G A*.- 

C2A A 3A \ 

-efcA^fc.A + (^A - -yNA)Nk,A - yNl^ + i^NkA 

^ /AT M '^A(A^fc,A) 

> ^A A/^fc,A In — ; 13 

t^A(A^fc,A) + 1 



(u) 



/ 2A \ / 4A 3A ^ 

uJa KAiA - yA^A)A^fc,A j < ^A UjNk,A + yN^A^k,A + ^^fc,A 



(14) 

Proof. For (i), the result follows by taking X = in the correlation in- 
equality (p!2D. One gets (ii) by taking 

X = aXJl 
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in the inequality 

iUA{[X*,[HA,X]])>0, 

which follows immediately from (|T2|) by adding the correlation inequality for 
X and the complex conjugate of the correlation inequality for X*. 

□ 



Lemma 3 For every 6 > 0, for every V and for every A; G A*, |A;| > 5, 
with 

/AN of 3A \ 

\ 8m V J 

C5(A) = Cfc(A)||fe|=5 andjeA\\j\ < f. 



Proof. Substitution of (0) in (|T3|), changing the sign, and using the trivial 
bound u!a{NI ^) > we get 

P{ek - ej - ^)ujAiNk,A) - ^ujAiNj^ANk,A) 

Take 6 > arbitrary, > 5 and \ j\ < |. 
Using ej < (|1^) becomes 

c,(A)^A(Ar,,A) - ^u;A{N^,ANk,A) < a;A(A^,,A) In + \ 

V i^A{Nk,A) 

The Lemma now follows from convexity arguments in the r.h.s.: we want to 
solve for t the inequality 

ct — < tm , 

t 

with c and b positive constants and t G M^. It follows that t < t2, with t2 
satisfying 

ct2 — b = t2 In — . 

13 



One can write this as t < ti + (^2 — ^i), with 

1 



-1 



Let f{t) = tln^, / is concave, hence 

/(t2)-/(tl)-(t2-tl)/'(tl)<0, 

and 

t2-h<b-^ 

1 — e~'^ 

Substitute this into the inequahty t < ti + (^2 — ^i), one gets 

1 , 1 
t < + b- 



e^-l 1 - e-^ 

Finally, use |A;| > 6 in the second term on the r.h.s. to prove the Lemma. 

□ 



Lemma 4 For every e > 0, V large enough and j G A*; 

1 



Proof. (|T3|) gives 



C2A 3A \ 

>MN,,)^r, 7W^> >-l. 

This can be rewritten in the form 

2A 1 3A 1 

— a;A(iVAiV,. a) <— + (^^ + — - e^)-uj,iN^,j,). (16) 

Taking X = aj in the inequality 

uja{[X*,[Ha,X]])>0, 

gives 

4A , 3A 

fiA < 2Xp + ej + yUJA{Nj^A) + 



Putting this into (|T6D gives 



^a;A(iVAiV,,A) + (2V + y ):^^A(iV,,A) + ^u;a(A^,,a)' 

Using Theorem □ proves the Lemma. 
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□ 



We now prove the existence of generalized condensation in the thermody- 
namic hmit — >■ oo, taken with constant particle density p. 



Theorem 3 One has 

1 f dk 

lim lim - ^AiNk,A) > p - / 7 



(a) for every p > 0, there is a Pc such that for all (3 > jSc-' 
< limliminf V ujA{Nk,A) 

< lim lim sup V ujA{Nk,A) < p. 

Proof. We have clearly 

h ^A{NkA) = P-T7 ^h{Nk,A)- 

^ {fceA*:|fc|<<5} ^ {fceA*:|fc|>5} 

Applying Lemma |^ gives 

^ {k&K':\k\<S} ^ {fceA*:|A;|>5} ^ 

4A 1 

-Tn E ^A(iV,AAr,.^) (17) 

^ {A:eA*:|fc|>5} ^ 

Take e > arbitrary, and V large enough such that Lemma ^ is satisfied. 
This implies that 

^ E ^A(iV,-,AiVfc,A) < -^^A(A^AiV,,A) < e. 

^ {feeA*:|fc|><5} ^ 

Hence taking V large enough, the second term in the r.h.s. of (|l^) can be 
made arbitrarily close to 

dk 1 



\k\>5 (27r)'^g/3(..-|^) _i 
15 



whereas the third term is made arbitrarily smalL 
Hence in the hmit ^ oo, one gets 

,• 1 /AT \ f dk 1 

Now take the hmit 5 — > to get (i). 

The function ^ 

13 ^ fi/3) = J^^ (27r)rf - 1 

is clearly decreasing in > and furthermore /(/?) — *■ oo for ^ 0, and 
f{P) ^ for /5 — > oo. Hence for every p > there exists /?c > 0, defined by 



P 



dk 



Together with (i) this proves (ii). 

□ 

Theorem || proves that the model ([Tl|) has the same pressure as the imperfect 
Bose gas. Theorems |] and ^ prove that the model (0) shows a Bose-Einstein 
condensation exactly as the imperfect Bose gas, be it that the nature of the 
condensation is different. One aspect of this is that the ground state {k = 0) 
condensation of the imperfect Bose gas is unstable against any arbitrary small 
repulsive perturbation of the type y SfcgA* ^fc,A' ^'^y 7 > 0. The conden- 
sation becomes non-extensive. However on the level of the thermodynamics 
the models are similar. 

The natural question to ask is, whether the equilibrium states of the two 
models coincide. For the imperfect Bose gas, this problem is solved e.g. in 



T0| . We are not going into the details, but the technique of |]T0| can also be 
used in order to solve rigorously the equilibrium- or KMS-equations of our 
model. The result is that all equilibrium states are of the same type as the 
ones of the imperfect Bose gas. In particular, the equilibrium states are also 
integrals over a set of quasi-free or generalized free states. 

On the other hand it is interesting to remark the following. Given this result, 
one might ask whether the variational principle of statistical mechanics, for- 
mulated in the thermodynamic limit, but restricted to the set of quasi- free 
states, does also give the results of this paper, namely the existence of con- 
densation and the equilibrium states. Performing this program, one remarks 
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that the particular type of condensation is not recovered by this method. 
Hence for the time being, the only way to keep track of it, is to follow closely 
the details of the thermodynamic limit as is done above. This work illustrates 
clearly that care must be taken of this limit and that statistical mechanics 
remains the theory of really handling the thermodynamic limit. 
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